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Primordial	
  density	
  perturba0on	
  

Consistent	
  with	
  
the	
  standard	
  single	
  field	
  
infla0on	
  model	
  predic0on:	
  
•  Scale	
  Invariant	
  
•  Gaussian	
  
•  Adiaba0c	
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Non-­‐Gaussiani0es	
  

•  PLANCK	
  can	
  detect	
  large	
  non-­‐Gaussiani0es	
  
–  If	
  detected,	
  it	
  will	
  rule	
  out	
  single-­‐field	
  infla0onary	
  
models.	
  Maldacena(02),	
  Seery	
  et	
  al.,	
  (05)	
  

–  It	
  can	
  be	
  a	
  probe	
  of	
  new	
  physics	
  

•  A	
  possible	
  way	
  to	
  generate	
  large	
  “local”	
  non-­‐
Gaussiani0es	
  

•  Addi0onal	
  degree	
  of	
  freedom	
  during	
  infla0on	
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�
∆T
T

∆T
T
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T

�
�
∆T
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∆T
T

�2 ∼ O(�) for	
  single-­‐field	
  inf.	
  models	
  



Addi0onal	
  Scalar	
  field	
  σ	
  
Density	
  Perturba0on	
   δρσ

ρσ
∼ 2δσ

σ
+

δσ2

σ2
+ · · ·

Non-­‐Gaussian	
  terms	
  

The	
  linear	
  term	
  vanishes	
  if	
  background	
  
the	
  density	
  perturba0on	
  becomes	
  non-­‐Gaussian.	
  

δρσ
ρσ

S ∼ δρσ
ρσ

Unstable	
  σ	
  

Stable	
  σ	
  

Decays	
  into	
  radia0on	
  

Remains	
  as	
  CDM	
  

Curvaton	
  models	
  	
  
Lyth&Wands,Moroi&Takahashi	
  (01)	
  

ζ ∼ r
δρσ
ρσ

CDM	
  Isocurvature	
  
Linde&Mukhanov	
  (97)	
  

σ̄ = 0
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CDM	
  Isocurvature	
  Models	
  
Axion:	
  To	
  solve	
  the	
  strong	
  CP	
  
problem	
  

PQ	
  sym.	
  undergoes	
  SSB	
  before	
  
infla0on	
  and	
  is	
  never	
  restored.	
  	
  

•  fa	
  >	
  Hinf/2π	
  

Axions	
  are	
  produced	
  by	
  “vacuum	
  
misalignment”	
  mechanism	
  

•  δa	
  =	
  faδθ	
  =	
  Hinf/2π	
  

Coherent	
  oscilla0on	
  aoer	
  QCD	
  phase	
  
transi0on	
  behaves	
  like	
  CDM	
  .	
  

Super	
  Heavy	
  Fields:	
  	
  To	
  avoid	
  
thermaliza0on	
  

Super	
  heavy	
  stable	
  par0cles	
  are	
  non-­‐
thermal	
  DM	
  called	
  “WIMPzillas”	
  	
  
	
  

•  <σv>	
  ≤	
  1	
  /	
  mX
2	
  

•  For	
  large	
  mX,	
  	
  
	
   	
  n<σv>	
  <<	
  H.	
  

	
  
Many	
  candidates	
  mo0vated	
  by	
  SUSY	
  
and	
  String	
  theory	
  exists:	
  Q-­‐Balls,	
  D-­‐
Mater,	
  Crypton,	
  light	
  KK	
  par0cles	
  …	
  

Chung,Kolb&Rioto(98)	
  	
  
	
  

Peccei,Quinn	
  (77)	
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CDM	
  Isocurvature	
  constraints	
  

Consistent	
  with	
  adiaba0c	
  init.	
  condi0on,	
  
	
  
But	
  admixture	
  with	
  isocurvature	
  	
  
is	
  not	
  ruled	
  out!	
  

Adiaba0city	
  Parameters	
  

Observa0onal	
  Bounds	
  
	
  	
  Komatsu(10),	
  Sollom(09)	
  

α0 � 0.07 for β = 0

α−1 � 0.004 for β = −1

Significantly	
  different!	
  

α =
�SS�

�ζζ�+ �SS�

β =
�ζS��

�ζζ� �SS�

(ns	
  ≈	
  1)	
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Power	
  spectrum	
  

In	
  the	
  long-­‐wavelength	
  limit	
  

n = 3− 2

�
9

4
− m2

σ

H2where	
  Pσ(k) =
�σ̂�kσ̂−�k�
�σ̂2� ≈ A

k3

�
k

k0

�n

�k1

�k1 − �k

�k �k∆2
S(k) = ≈ k3

2π2
2ω2

σ

�
aeH

ΛIR

[d3k1]Pσ(k)Pσ(|�k − �k1|)

where	
  S = ωσ
δσ2

σ2
→ Ŝ = ωσ

σ̂2 − �σ̂2�
�σ̂2� ωσ =

ρσ
ρCDM

Quadra0c	
  	
  
type	
  

Bi-­‐spectrum	
  
�k −�p1 − �k

�k − �p2

�p1, �x

�p2, �y �p3, �z

≈ 8ω3
σ

�
aeH

ΛIR

[d3k]Pσ(k)Pσ(|�p1 + �k|)Pσ(|�p2 − �k|)BS(�p1, �p2, �p3) =

Non-­‐Gaussianity	
  

⇒ BS ∝ ∆3/2
S
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p1, p2 � p3when	
  

The	
  squeezed	
  conf.	
  



Proper0es	
  of	
  ΔS	
  and	
  ΒS	
  
Power	
  spectrum	
   �k1

�k1 − �k

�k �k∆2
S(k) =

Bi-­‐spectrum	
  
�k −�p1 − �k

�k − �p2

�p1, �x

�p2, �y �p3, �z

BS(�p1, �p2, �p3) =

Almost	
  arbitrarily	
  tunable	
  using	
  parameters:	
   ωσ(H,TRH , fa, ...), m
2
/H

2
, ...

∝ ∆3/2
S

Completely	
  fixed	
  	
  
by	
  the	
  power	
  spectrum	
  	
  

•  For	
  maximum	
  NG,	
  the	
  isocurvature	
  amplitude	
  should	
  
be	
  saturated	
  to	
  its	
  observa0onal	
  upper	
  bound.	
   Chung&Yoo(11)	
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NG	
  by	
  CDM	
  Isocurvature	
  

!10 < fNL
sqz < 75 

(95% C.L.)
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WMAP	
  Hint	
  

αmax
0 = 0.067

αmax
−1 = 0.004

Hikage	
  et	
  al.	
  (09)	
  
Chung&Yoo	
  (11)	
  

Is	
  cross-­‐correla0on	
  β	
  large	
  or	
  small?	
  

β =
�ζS��

�ζζ� �SS�
=?
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Naïve	
  Intui0on	
  	
  
for	
  small	
  cross-­‐correla0on	
  β	
  <<	
  1	
  

	
  
•  Scalar	
  field	
  σ	
  is	
  an	
  energe0cally	
  subdominant	
  component	
  

during	
  infla0on.	
  σ	
  cannot	
  generate	
  large	
  curvature	
  
perturba0on	
  ζ.	
  

	
  
	
  
•  	
  Curvature	
  perturba0on	
  ζ	
  also	
  cannot	
  affect	
  the	
  gravita0onal	
  

par0cle	
  produc0on	
  process,	
  because	
  of	
  large	
  separa0on	
  of	
  
par0cle	
  produc0on	
  and	
  CMB	
  scales.	
  

ρσ

ρtotal
�

H
2
inf

M2
p

∼ 10−10
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ζ → S

S → ζ

kCMB/kp.p. ∼ e50



Naïve	
  Intui0on	
  	
  
for	
  small	
  cross-­‐correla0on	
  β	
  <<	
  1	
  

	
  
•  Scalar	
  field	
  σ	
  is	
  an	
  energe0cally	
  subdominant	
  component	
  

during	
  infla0on.	
  σ	
  cannot	
  generate	
  large	
  curvature	
  
perturba0on	
  ζ.	
  

	
  
	
  
•  	
  Curvature	
  perturba0on	
  ζ	
  also	
  cannot	
  affect	
  the	
  gravita0onal	
  

par0cle	
  produc0on	
  process,	
  because	
  of	
  large	
  separa0on	
  of	
  
par0cle	
  produc0on	
  and	
  CMB	
  scales.	
  

ρσ

ρtotal
�

H
2
inf

M2
p

∼ 10−10
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ζ → S

S → ζ

kCMB/kp.p. ∼ e50

This	
  has	
  NOT	
  been	
  proven!	
  



Explicit computation
�
Ŝζ̂

�

σ2, "p ζ, "p

S
(C)
int =

�
d
4
x a

3

�
T

ij
a
2
δijζ + T

0i
∂i(−

ζ

H
+ �

a
2

∇2
ζ̇)− T

00 ζ̇

H

�

� −
�

d
4
x a

3 3

2
m

2
σσ

2
ζ

Dangerous	
  Interac0on	
  terms	
  yield	
  strong	
  cross-­‐correla0on	
  	
  
�
Ŝζ̂

�
∼ O(1)

�
ζ̂ ζ̂

�

→ β ∼ O(1) for massive σ

What	
  is	
  wrong?	
   13	
  



Further	
  Ques0ons	
  

•  Gauge	
  Invariance	
  of	
  the	
  correlators	
  

–  ζ,	
  S	
  are	
  gauge	
  invariant	
  variables.	
  
– Difficul0es:	
  

•  σ	
  has	
  no	
  classical	
  background.	
  
•  S	
  is	
  a	
  composite	
  operator.	
  

	
  	
  	
  
These	
  ques0ons	
  are	
  answered	
  by	
  	
  
“Gravita0onal	
  (Diffeomorphism)	
  Ward	
  Iden0ty”	
  

	
  

�ζζ� , �SS� , �ζS� · · ·
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“Gravita0onal”	
  Ward	
  Iden0ty	
  
Under xµ → x̃µ = xµ − �µ,the metric transforms as

gµν → g̃µν = gµν + L�gµν = gµν + 2∇(µ�ν).

Whereas the two-point function should remain invariant

�φ(x)φ(y)�g = �φ(x̃)φ(ỹ)�g̃ =

ˆ
DφeiS[φ;g̃]φ(x̃)φ(ỹ)

=

ˆ
DφeiS[φ;g+L�g]φ(x− �)φ(y − �).

Expand w.r.t �.

i

2

ˆ
d4z

√
−gz (∇µ�ν)z �T

µν
z φxφy�g = �µ

�
∂

∂xµ
φxφy

�

g

+ �µ
�
φx

∂

∂yµ
φy

�

g

.

Equivalently,

i
√
−gz∇µ,z �Tµν

z φxφy�g = δ4(x− z)

�
∂

∂xµ
φxφy

�

g

+ δ4(x− z)

�
φx

∂

∂yµ
φy

�

g

.

1
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In-­‐In	
  formalism	
  
Weinberg(05)	
  

�
in

���Ô(t)
��� in

�
=

��
Te

−i
´ t
−∞ ĤI

int(t
�)dt�

�†
ÔI(t)

�
Te

−i
´ t
−∞ ĤI

int(t
��)dt��

��

=
�
ÔI(t)

�
+ (−i)

ˆ
t

−∞
dt

�
��

ÔI(t), ĤI
int(t

�)
��

+ · · ·

1

Apply	
  it	
  to	
  cross-­‐correlator	
  in	
  the	
  comoving	
  gauge	
  
�
in

���Ŝ(t, �x)ζ̂(t, �y)
��� in

�
= 1

�σ̂2� i
´ t

dtzd3z a3z

��
σ̂2
xζ̂y,

1
2

�
T̂µν
σ δĝµν

�

z

��

1

δgµν =

�
−2 ζ̇

H
(− ζ

H
+ � a

2

∇2 ζ̇),i
(− ζ

H
+ � a

2

∇2 ζ̇),i a2δij2ζ

�

1

where	
  

The	
  metric	
  perturba0on	
  is	
  obtained	
  by	
  ADM	
  formalism	
  	
  
With	
  gauge	
  fixed.	
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Interac0on	
  ver0ces	
  come	
  with	
  commutators	
  



Feynman	
  Diagram	
  for	
  In-­‐In	
  formalism	
  	
  
Commutator	
  and	
  an0-­‐commutator	
  decomposi0on:	
  
•  Easy	
  to	
  give	
  physical	
  interpreta0on	
  
•  Convenient	
  to	
  count	
  the	
  power	
  of	
  scale	
  factor	
  “a”	
  	
  
	
  
For	
  example,	
  

�
Ŝxζ̂y

�
=

1

�σ̂2� i
�

d4z a3z

��
σ̂2
x,

1

2
T̂µν
σ,z

����
ζ̂y, δĝµν,z

��

+
1

�σ̂2� i
�

d4z a3z

��
σ̂2
x,

1

2
T̂µν
σ,z

����
ζ̂y, δĝµν,z

��

Diagramma0cally,	
   All	
  edges	
  without	
  double	
  
lines	
  are	
  an0-­‐commutators	
  

Commutators	
  
=	
  Retarded	
  Green	
  func.	
  

Sx ζy

Time	
  dir.	
  
1

2
(Tδg)z #	
  of	
  comm.	
  =	
  #	
  of	
  internal	
  ver0ces	
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Isocurvature	
  induces	
  curvature	
  Curvature	
  induces	
  isocurvature	
  

(classical	
  cor.)	
  



ζ, �pS, �p

1

2
a3z(T

µν
σ δgµν)z

Compute	
  Cross-­‐correla0on	
  

With	
  the	
  long	
  wavelength	
  approxima0on	
  
(Only	
  super	
  horizon	
  modes	
  are	
  taken	
  in	
  the	
  loop)	
  

3− 2ν ≈ 2

3

m2
σ

H2
+O(

m4
σ

H4
)where	
  

≈ − 1

12π2

�
ζ̂�pζ̂−�p

�

�σ̂2�
H

2
�

p

aH

�3−2ν

This	
  diagram	
  generates	
  strong	
  cross-­‐correla0on.	
  
•  It	
  suffers	
  from	
  UV	
  divergence	
  in	
  the	
  loop,	
  which	
  

signals	
  the	
  long	
  wavelength	
  approxima0on	
  is	
  not	
  
reliable.	
  

•  The	
  UV	
  cut-­‐off	
  regulator	
  with	
  the	
  long	
  wavelength	
  
approxima0on	
  obscures	
  possible	
  cancella0on	
  due	
  
to	
  symmetry.	
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Dangerous	
  Interac0on	
  term	
  

Sint =

�
d
4
xa

3
x[T

ij
a
2
δijζ + T

0i(− ζ

H
+ �

a
2

∇2
ζ̇),i − T

00 ζ̇

H
]

This	
  is	
  the	
  dangerous	
  interac0on	
  term.	
  
	
  	
  	
  	
  	
  Non-­‐deriva0ve	
  coupling	
  

Explicitly,	
  

Iijζ→S(p) ≈
�ζ̂�pζ̂−�p�
�σ̂2� i

� t

tp

dtzd
3za3ze

−i�p·�z�[σ̂2(�0, t), T̂ ij(z)]�
�
a2δij

�

S, �p ζ, �p
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Note	
  that	
   	
   	
   	
   	
  	
  	
  	
  	
  is	
  a	
  pure	
  gauge.	
  	
  i.e.	
  rescaling	
  scale	
  factor	
  ”ζ = const”

Thus,	
  we	
  expect	
   lim
p→0

Iijζ→S(p) = 0 ⇒ I
ij
ζ→S(p) ∝ O(p2/a2)

a → aeζ
Hinterbichler,Hui&Khoury(12)	
  	
  



Proof	
  by	
  Ward	
  Iden0ty	
  :	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  	
  

i

� t

dtzd
3z a3z (∇µ�ν)z

��
Tµν
z , σ2(x)

��
= �µ

�
∂

∂xµ
σ2(x)

�Ward	
  Iden0ty	
  (in-­‐in	
  version)	
  for	
  	
  

Choose 	
   	
   	
   	
   	
   	
  	
  
(For	
  a	
  rigorous	
  proof,	
  	
  
a	
  window	
  func0on	
  may	
  be	
  needed.)	
  

�µ = (0, �x)

σ2

RHS	
  vanishes	
  because	
  of	
  transla0onal	
  symmetry	
  of	
  the	
  FRW	
  space-­‐0me.	
  
∇i�j = a2δij ∇µ�0 = ∇0�ν = 0.

spa0al	
  dilata0on	
  flow	
  

⇒
� t

dtzd
3z a3z

��
T ij
z δija

2
z, σ

2(x)
��

= 0

(requires	
  careful	
  regulator	
  choice.)	
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lim
p→0

Iijζ→S(p) = 0

Chung,Yoo&Zhou(in	
  prep)	
  



Summary	
  of	
  Computa0on	
  

�ζζ� = H
2

4�M2
pp

3

Caveat:	
  	
  
•  IR	
  mode	
  contribu0on	
  is	
  neglected.	
  
•  Numerical	
  O(1)	
  factor	
  cannot	
  be	
  es0mated	
  accurately.	
  .	
  

�SS� ∼ 3p−3

2π2

H
6

m2(σ̄2)2

�
p

axH

�6−4ν

(1−
�
ΛIR

p

�3−2ν

)

⇒ β =
�Sζ��

�ζζ� �SS�
∼ 1

8

�
2

3

mσ

Mp
√
�

�
1−

�
ΛIR

p

�3−2ν
�−1/2

� 1

21	
  

�Sζ� ∼ 1

12π2

�ζζ�
�σ2�H

2
�

p

aH

�3−2ν



Conclusion	
  

•  Gravita0onal	
  Ward	
  Iden0ty	
  is	
  very	
  useful	
  in	
  
perturba0on	
  theory.	
  
–  provides	
  a	
  general	
  proof	
  of	
  gauge	
  invariance	
  of	
  
correla0on	
  func0ons.	
  

–  clarifies	
  non-­‐trivial	
  cancella0on	
  due	
  to	
  
diffeomorphism.	
  

•  Applica0on:	
  cross-­‐correla0on	
  between	
  	
  	
  	
  	
  	
  and	
  	
  
– We	
  showed	
  cross-­‐correla0on	
  β	
  is	
  small	
  for	
  Axion/
WIMPzilla	
  isocurvature	
  models.	
  (The	
  1st	
  proof)	
  
•  These	
  models	
  can	
  generate	
  large	
  non-­‐Gaussiani0es.	
  	
  

�ζζ�, �SS�, �Sζ�

22	
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Advantages	
  of	
  Decomposi0on	
  

= IS→ζ Isocurvature	
  induces	
  curvature	
  

= Iζ→S Curvature	
  induces	
  isocurvature	
  

For	
  super	
  horizon	
  mode	
  

= GX
ret(x, y)Xx Xy

Xx
Xy

∝
�

1
a3
y

for ζ

a−3/2+ν
x a−3/2−ν

y for σ

∝
�
a0

a−3/2+ν
x a−3/2+ν

y
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Large	
  NG	
  is	
  achievable	
  if	
  a	
  model	
  can	
  saturate	
  the	
  isocurvature	
  power	
  
spectrum.	
  

Condi0ons:	
  α ∼ 0.07, Ωσ � 1

1.1

1.15

1.2

1.9 2.0 2.1 2.2 2.3 2.4 2.5

3

4

5

6

7

0.962

0.963

mX�mΦ

Lo
g 1
0
T R

H
�GeV

n s

mΦ�1.7�1013GeV

10�18

100

WIMPZilla	
  

Chung&Yoo(11)	
  

Ωσ
≈ 0.2

α
≈
0.
07

1

2
m2

φφ
2 model

“α≈0.07”	
  can	
  be	
  achieved	
  
if	
  mσ	
  <	
  4He.	
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NG	
  by	
  CDM	
  Isocurvature	
  

Large	
  NG	
  is	
  achievable	
  	
  for	
  both	
  CDM	
  isocurvature	
  models	
  
	
  	
  	
  with	
  underlying	
  assump0on:	
  small	
  cross-­‐correla0on	
  β	
  <<	
  1	
  

faθi <
Hinf

2π
⇒ θi < 3× 10−3

�
fa

1012 GeV

�−0.59

Axion	
  
•  The	
  average	
  phase	
  angle	
  θi	
  is	
  negligible.	
  
•  During	
  infla0on,	
  axion	
  is	
  effec0vely	
  massless	
   ⇒ ∆S(te) ∼ 1

At	
  the	
  end	
  of	
  infla0on	
  te	
  
⇒ ∆S(tr) ∼ ω2

a∆S(te) ∼ ω2
a

Aoer	
  QCD	
  phase	
  transi0on	
  tr	
  

⇒ α =
ω2
a

∆ζ
∼ 10−9 Ω2

a

Ω2
CDM

< 0.07 ⇒ Hinf � 2× 1010
�

fa

1012 GeV

�0.41

GeV

25	
  



Adiaba0c	
  vs.	
  Isocurvature	
  

•  Adiaba0c	
   •  Isocurvature	
  

  

! 

"#
# + P

=
"#$

#$ + P$
=

"#b
#b + Pb

=
"#CDM

#CDM + PCDM
=! % 0

! 

"#
# + P

= 0,
"#$

#$ + P$
%

"#CDM
#CDM + PCDM

! 

" = #$+
%&

3(& + P)

! 

S =
"#CDM

#CDM + PCDM
$

"#%
#% + P%

=
"#CDM
#CDM

$
3"#%
4#%

For	
  super	
  horizon	
  modes,	
  

! 

"T
T

= #
1
5
$ #

2
5
S

26	
  



Gauge	
  Invariance	
  

In	
  general,	
  perturba0on	
  is	
  not	
  invariant	
  under	
  the	
  coordinate	
  change.	
  
However,	
  some	
  combina0ons	
  of	
  them	
  do	
  not	
  depend	
  on	
  the	
  coordinate.	
  

For example,

ζ = −Ψ+
δρ

3(ρ+ P )
, ζX = −Ψ+

δρX
3(ρX + PX)

, SX = 3(ζX − ζ),

where gij = a2(1− 2Ψ)δij

How	
  can	
  it	
  apply	
  to	
  a	
  quantum	
  operator	
  without	
  VEV?	
  
Ŝ(C) =

σ̂2

�σ2�

Under the coordinate change xµ → xµ − �ν

Perturbations transform as

δQ → δQ+ L�Q̄

δgµν → δgµν + L�ḡµν
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